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ABSTRACT

The paper deals with the necessary and sufficient optimality
conditions for the convex optimization problem with convex
feasible set defined by infinite inequality constraints in the both
cases, smooth and nonsmooth data. The results enhance some
recent KKT type theorems by Lasserre for differentiable
functions and by Dutta and Lalitha for Lipschitz functions.

TOM TAT

Bai bdo nay khdo sat diéu kién toi wu can va dii cho bdi todn
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wu dang KKT gan ddy béi Lasserre doi véi lop ham kha vi va

béi Dutta va Lalitha déi véi lop ham Lipschitz.
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1 MO PAU

T6i wu 16i 12 mot chu dé quan trong trong ly
thuyét t6i wu va tmg dung (Rockafellar, 1970;
Hiriart-Urruty va Lemarechal, 1993). Trong bai bao
gan day, Lasserre (2011) thu duoc dinh 1y dang
KKT bang cach rang budc tap chap nhan dugc 1a 16i
thay vi ham rang budc 1a 16i. Két qua nay mé rong
dbi véi truong hop ham khong tron trong bai cia
Dutta va Lalitha (2013) theo hudng str dung dudi vi

phan Clarke. Matinez-Legaz (2015) da thong nhét
lai cac két qua trén bang cach st dung dudi vi phan
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tiép tuyén, dugc dé xuét trong nghién ciu cua
Pshenichnyi (1971). Mot vai phat trién d6i v6i ham
16i suy rong duoc trong nghién ciru cia Giorgi
(2013) va Quyen (2017). Két qua nghién ctru cua
Dutta va Lalitha (2013) dugc mo rong sang cho bai
toan t6i wu da muc tiéu c6 tap rang budc 16i trong
Kuroiwa va Yamamoto (2016). Mot s6 dinh tinh
rang budc cho bai toan tdi wru véi tap rang budc 16i
duoc khao sat trong Chieu et. al. (2018).

Tuy nhién, cac két qua néu trén chi méi xét tap
chép nhan duoc 12 151 dugc xac dinh béi hiru han céac
rang budc bat ding thirc. Trong truong hop tong
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quat, mot tap 16i c¢6 thé duoc xac dinh boi hitu han
cac rang budc bat dang thirc 1dn vo han cac rang
budc bit dang thoc. Chang han, Boyd va
Vandenberghe (2004) véi tap 16i S dugc xac dinh
boi giao vo han cic rang budc bat ding thirc

Tap 55, 86 14 (2019): 39-46

2 V4 V4
xeR —IlecosterzcosZtsl,f—Sts—
3 3

biéu dién nhu sau.

2

N

~ OF

—2

Tu nhitng quan sat néu trén, trong bai bao nay,
nghién ciru diéu kién can va du tdi wu cho bai toan
t6i wu 10i dbi véi tap chap nhan duoc 16i duge dinh
nghia bdi vo han rang bude bat déng thirc duoc thuc
hién. Bai bao dugc sap xép nhu sau: Phan 2 s& nhéc
lai nhitng khai niém co ban va kién thtc chuén bi;
trong Phan 3, diéu kién t6i wu KKT dugc xay dung
cho truong hop ham tron; trong Phan 4, diéu kién t6i
uu KKT dugc nghién ciru trong truong hop ham
Lipschitz theo hudng st dung dudi vi phan Michel-
Penot; mot sb vi du duoc dua ra minh hoa cho Kkét
qua.

2 KIEN THUC CHUAN BI

Céc ky hiéu va dinh nghia sau day sé dugc st
dung trong sudt bai bao. Ky hiéu B! cho mot khong
gian dinh chuén hitu han chiéu. Ky hiéu ®’1a khong

*
gian dbi ngau (R’) va <x*,x> la gia tri cua anh xa

*
tuyén tinh lién tuc x*e(R’) tai xe K'.V6i S ¢ &'
,talan luot goi intS, clS, bdS va coS 1a ph'?m trong,
bao dong, bién va bao 16i ctia S. Ki hiéu |s| 1a hye
luong cua S, tirc 1a s6 phan tir cia S. Nén 16i chira

géc sinh boi S duoc ki hiéu posS, dugc dinh nghia
nhu sau:

k
pos S == {xeR’ x=Y Aixj, x;€$,2;>0, i:l,...,k}.

i=l1
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V6i X cho truée, U (x) 1a mot ho cac 1an can
cua X . Vi

B(v.p)|xett!

, ban kinh p . Non cuc 4m va nén cuc am chat cua
S lan lugt dugc dinh nghia

<x* s x> <0, VxeS},

p>0, ki hidu

||x—§||s p} 1a hinh ciu dong tam x

S :={x*e]1§1

Ss :={x*e]1€1

<x* s x><0, VxeS\{O}}.

Pao ham theo hudéng bén phai cua ham
¢R' SR tai xeR' theo hudng deR' duoc ki hiéu
@'(x,d) va dugc xac dinh bsi

_ P xrhd )4 x
#(xd)= }llir(l)(h)()

Dinh nghia 2.1. (Clarke, 1983) Gia st xeR' va
¢R' >R 1a ham Lipschitz dia phuong. Pao ham

theo hudng Clarke cua ¢:R' >R tai x theo hudng

U qugc xéac dinh boi



Tap chi Khoa hoc Truong Pai hoc Can Tho

¢(x+hu)—¢(x).

#° (},u):: limsup p

0,x—>x

Dudi vi phan Clarke cia ¢ tai X 1a

6C¢(;) = {x* ek’

Ham ¢ duge goila chinh quy Clarke tai x néu

ton tai ¢'(},d) vi ¢°(x,d)=g/(x.d) v6i moi
deR".

Dinh nghia 2.2. (Michel va Penot, 1984; Michel
va Penot, 1992) Gia sit xR’ va ¢:R' >R 1a ham
Lipschitz dia phuong. Pao ham theo hudng Michel-
Penot (MP) ctia ¢:K' >R tai x theo huéng u
duoc xac dinh boi

¢<> (; u)'= sup Hmsup¢(;+h(u+v))_¢(;+h")
e o . :

Dudi vi phan MP cua @ tai X 1a

GMP¢(;) :={x*eR1

<x*,d>s¢<>(;,u), Vde]lgl}.

Ham ¢ dugc goi la chinh quy MP tai X néu
#(x.d) ton tai va ¢°(x.d)=p(x.d) véimoi deR" .

Céc tinh chat sau ciia dao ham theo huéng MP
va dudi vi phan MP dugc st dung trong phan tiép
theo (Michel va Penot, 1984; Michel va Penot,
1992).

B6 dé 2.1. Gia st ham ¢R'>R 1a Lipschitz

trong 1an can cua diém X . Khi d6, ta ¢6 cac khang
dinh sau day:

(i) Ham v:¢<>(;c,v) hitu han, thudn nhét duong,

dudi cong tinh trén B ¢°(},o):o va

a(¢°(}, .))(o):aMP ().

trong d6 O 1a dudi vi phan theo nghia giai tich
16i.
(i1) oMP ¢(}) la tdp con khic réng, 1oi va

compact ciia ®' .

<x*,d>S ¢° (;,d), Vd e R"}.
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(i) g'(x v} max (&),
( )(fe@MP¢(x)

(iv) Néu ¢ khi vi Gateaux tai x thi
oMP ¢(}):{v¢(})} . Néu ¢ 18i thi oMF #(x)=00(x).

(v) Néu ¢ la chinh quy Clarke tai X thi ¢ 1a
chinh quy MP tai X .
(vi) oM (x)caCy(x).

B6 d& 2.1 (vi) cho thiy ring cac diéu kién can tdi
uu khi str dung dudi vi phan MP 18 rang hon so voi
diéu kién t6i wu thong qua sir dung dudi vi phan
Clarke (Ye, 2004; Kanzi, 2014; Carsiti va Ferrara
2017; Tung 2017). Vi du sau day cho thiy ring quan
hé bao ham trong B6 dé 2.1 (vi) ¢6 thé chat.

Vidu 2.1. Gia st ¢:R>R duogc x4c dinh nhur sau

x2 sinz+x, khi x=0
x

P(x)=

0, khi x=0.

Khi d6, véi x=0, ta c6
oMPy(x)=(1},
oC(x)[-13],

va do @, oMP ¢(})§ % (=)

B6 dé 2.2. (Rockafellar, 1970) Cho {C;teT'} 1a
mot ho tiy v cac tap 16i khac rdng trong R" va

K :pos[ U Ct] . Khi @6, moi vecto khac khong cua

tel’

K c6 thé duoc biéu dién dudi dang mot t6 hop tuyén
tinh khong am cda n hoac it hon cac vecto doc lap
tuyén tinh, moi vecto thugc mot C; khac nhau.

Trong bai bao nay, bai toan tdi wu 16i dugc xét
c6 dang nhu sau

P) min{ /(x), g;(x)<0, teT},

trong d6 f, g, teT 1a cac ham tr R" vao R

va T 1a tap khac rong bat ky, khong can thiét hiru
han. Ki hiéu tap chap nhan duoc cua (P) la
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Q= {x € Hgl‘ g (x)< 0,z e T}.
Trong bai béo nay, ludn gia st rang Q 14 tap 16i,
T la tap compact va anh xa da tri (x,t)—>g;(x) nira

lién tuc trén R'xT .

Piém X duoc goi 1a nghiém dia phuong cia (P)

néu ton tai UeU (;) sao cho

f(x)zf(;), VxeQNU.

Néu U=R?, cum tir “dia phuong” duoc bo di, tirc
1a ¢6 khai niém toan cyc. Bai toan (P) thoa man diéu
kién Slater (SC) néu

tdn tai x € K' sao cho gt(x)<0,VteT.

Ki hieu ' 1a tap hop tAt ca cdc ham AT—R,
chi 1§y cac gia tri duong cua ﬂ[ tai mot s6 hiru han
diémecua T va béng khong tai cac diém con lai, tire
la ton tai mot tdp chi sO hitu han khac rong
J={1,2,...,k}cT sao cho 4>0 véimoi t€J va
A=0 v&i moi teT\J . Voi xeQ cho trude, ki hiéu
T(;):{teT\g,(;)zo} 1a tap chi sb tat ca cac rang
budc theo chi sd hoat tai x . Tép cac nhan tr rang
budc theo chi s6 hoat tai xeQ 1a

A(;) = {/1 € I@I"ﬂtgt (;) =0,Vt e T}.

Luu ¥ ring ﬂeA()_c) néu ton tai tap chi s6 hiru
han I:={1,2, ...,m}CT(;c) sao cho 4>0 voimoi tel
va 4=0 v&imoi teT\I .

Nhén xét 2.1. Khi 1 va g, reT 1a cac ham 15i,
(P) duoc goi 1a bai toan téi wu nira v han 16i
(Goberna va Lopez, 1998; Goberna et. al., 2016;
Goberna va Kanzi, 2017). Trong trudng hop nay, cd
thé th?iy réng tap chép nhén duoc Q hién nhién 1a
tap 10i.

3 TRUONG HQP HAM TRON

Trong phin nay, ta gia sirring f, g, teT lakha
vi lién tuc trén R”.

binh nghia 3.1. Ta noi rang gia thiét (A) thoa
tai xeQ néu voi moi teT
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Vgs(x)=0, khi g(x)=0.

Chu y rang dudi diéu kién Slater, (A) ty dong
thoa néu g, 14 16i.
B6 d¢é 3.1. Gia st (SC) thoa va (A) thoa v6i moi

xeQ . Khi d6, Q 1a tap 106i néu va chi néu vai moi
tel :

<Vgt(x),y—x>§0, Vx,yeQ voi gy (x)=0.

Ching minh: Khi g;tel lién tuc, Q 1a dong
v6i phan trong khac y(:)qg. Viéc ching minh tuong
tu voi ching minh B6 dé 2.2 (Lasserre, 2011). o

Pinh nghia 3.2. Mot diém xeQ duoc goi la mot
diém KKT cua (P) néu ton tai keA(}) sao cho

Vf(x} X hVey(x)=0.
tel
Mgénh d& 3.1. Gi st (SC) thoa va (A) thoa véi
moi xeQ . Néu x 1a mot nghiém dia phuong cua (P)
thi x 1a mot diém KKT cua (P).

Chitrng minh: Gid st xeQ 13 mdt nghiém dia
phuong cua (P). Piéu kién t6i wu Fritz-John phat
bicu rang (Lopez va Still, 2007) ton tai a>0 va
keA(}) v6i a+ Y A=l sao cho

teT

aVf(x)+ % 2Vgy(x)=0.
teT

)

Ta chttng minh ring o0 . Gia sir nguoc lai o=0
. Khi dé, tap J:z{teT‘?»pO,keA(;)} khdc rong va
gt(})zo v6i moi teJ . Khi (SC) thoa, ton tai p>0
sao cho B()Nc,p)CQ, gt(;c)<0 voi moi teTl, va
21(x)<0 v6i moi xeB(x,p). Tir (1) suy ra

Y xt<vgt(}),x—}>=o, vxeB(x.p).

teT

Do d6, theo B6 d& 3.1, suy ra rang
<Vgt(;),x—;c>:0 véi moi reJ va x e B (;,p). Diéu
nay dan dén Vgt(})zo v6i moi reJ , mau thuan véi

(A). Vivéy o>0, va khong mét tinh tng quat chiing
talay a=1. O
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Dinh nghia 3.3. 7 duoc goi 14 gia 1i tai x néu

v4i moi  xeR' sao cho <Vf(}),x—;>20, ta co
S(xf(x)-

Ménh dé 3.2. Gia sit x 1a mot diém KKT cia
(P). Khi d6, x 12 mot nghiém cua (P) néu mot trong
cac diéu kién sau thoa:

(i) £ lagia i tai x.
Ly < (T s 1a

(i) L f(x)._{xen@‘ f(x)< f(x)} 12 18i.

Chuing minh : (i) Chiing minh tuong ty nhu
chirng minh ctia Pinh 1y 2.3 (Giorgi, 2013).

(i1) Chirng minh tuong tu nhu chirng minh cua
Dinh 1y 1 (ii) (Quyen,2017). o

Vidu3.1. Giast /R R duoc dinh nghia

S (x1.x2)=2x1+x2
Va tap chép nhan dugc Q dugc cho nhu sau

Q:{XERZ‘gt(x)so,teT:[O,l]},

trong d6 go(x)=—x; va gt(x):t—xlzxz , te(O,l] .
Dé thiy  la tap 16i va g;, t(0,1] khong la ham
16i. V6i x=(L1), ta cé xe va 7 (x) = {1}. Ta kiém
tra céc gia thiét trong Ménh dé 3.1 déu thoa. Gia sir
MT—>R; dugc dinh nghia

I,  khit=l,

A0

0, khi t]0,1).
Khi do. reA(x) va

vf (;) + TV (x) = (2.1)+1(-2.-1) =0,
Nguoc lai, khi ham f° 161, thi gia sir trong Ménh

& 3.2 thoa. Do d6, diém KKT x 1a nghiém cua (P).
Keét luan nay co thé kiém tra truc tiép sau day. Véi
moi xeQ, ta cod
) 1
f(x) = 2x1 +xy 2 2x1 +—
X
1

1 1
=X X+ >33 XXy
! V |

S (3
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4 TRUONG HQP HAM LIPSCHITZ

Trong phén nay, ta gia st f, gz, t€T la nhiing
ham Lipschitz dia phuong nhung khong can nhét
thict phai 16i. Gia st xeQ, ta dat

U oMPg(x).

G(f)::teT()?)

B6 dé 4.1. (Caristi va Ferrara, 2017) Gia sir ring
8Mpgt()_c ) 1a mot anh xa da tri nira lién tuc trén theo
¢ tai xeQ. Takihidu G(X)=max g(x),vxeQ thi

telT

(i) coG (E) 1a tdp compact,

(i1) GMPQ(E) c coG(f).

Béy gio, ta thiét 1ap diéu kién can tdi wu & dang
Fritz-John cho nghiém dia phuong ctia bai toan (P)
sau day.

Ménh dé 4.1 Gia sit ring 0Fg,(%) 1a mot
4nh xa da tri ntra lién tuc trén theo ¢ tai xeQ. Néu
X la nghiém dia phuong ciia bai toan (P), thi ton tai

a>0va /le/\()_c) sao cho a+ Y. 4=l thda min
tel

0ead™P f(x)+ ¥ 46MFg,(%).
teT
Chirng minh. Tir B dé 4.1 (i), suy ra G(X) 1a
A A \ x Je 8MP _ _
tap compact. Diéu nay dan dén F(x)UG(x)
ciing 14 tdp compact, va do d6 co(aMPf()?)UG()_c))
1a tap dong. Tiép theo ta chirng minh

Oeco(aMP f(f)UG()?)). )

Gia st nguoc lai Oeco(aMP f (Y)UG(Y)) Ap
dung Dinh 1y tach chit ton tai # € R” thoa man

<x*,u> <0vx e co(aMPf(f) u G(f)).

Suy ra,
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ue (co(aMPf(f) U G(E)))S

Tir Bé dé 4.1 (i) va ue(G(¥))’ suy ra
N

ue(coG()?))Sg(aMPQ(J_C)) ,

nghia la <x*,u><o,Vx*eaMP G(¥). Didu nay

din dén GO(¥)<0. Do do, ta co

G(x+m)-6(x)

limsup <

o h

N G(% +n(u+v))-g(x+m) N
veR" 1l0 h

Suy ra ton tai 6>0 va &>0 thoa méin
O(F+u)-G(F)<—5h.he{0.¢).

Do d6 g()_c+hu)<0,Vh€(0,€), nghia 1a
g (¥ +m)<ovier,vhe(0s).

s
Tuong tu, tir ue(aMP f ()_C)) tasuyratontai &

thoa man
A ) f(%)<0.7he( 0.6,
Ta  dat, tr E:zmin{s,g’}, ta  co

)_c+hueQ,‘v’he(0,§) va f ()_c+hu)< 1 ()_c) Suy ra mau

thuan. Vay (2) khong xdy ra. Suy ra tir (2) va B dé
2.2, Ménh d¢ 4.1 duoc chung minh hoan toan.
o

binh nghia 4.1. Ta ndi rang gia thiét (B) xay ra
tai xeQ) néu voi tat ca reT 1a nghiém dia phuong
clia bai toan (P), thi ton tai >0 va /”LEA()_C) sao cho

a+ Y. 4=l théa min
tel
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020MPg,(%), khi g(¥)=0.

B6 dé 4.2. Gia sir rang (SC) va (B) xay ra véi
tat ca xeQ. Gia sir rang voi mdi gy, teT, 1a MP
chinh quy. Khi d6, Q 14 tap 16i néu va chi néu véi
moi

g? (x,y—x)<0,%x,yeQ v6i gy(x)=0.

Chirng minh. Boi vi gz.tel” lién tuc va Q la
tip dong voi phan trong khac rdng. Chimg minh &
b6 dé nay tuong tu v6i cach chimg minh cia Ménh
de 2.2 (Dutta va Lalitha, 2013). ©

Pinh nghia 4.2. Mot diém duoc goi 1a diém MP
KKT cta (P) néu ton tai ﬂeA()_c) thoa man

MP . _ MP  _

0 f(x)+ > 40 gt(x)zo.

tel

Ménh dé 4.2. Gia si rang (SC) va (B) xay ra tai
xeQ. Gia st rang v6i moi gy, €T, 1a MP chinh

quy va 6MPgt()_c) 1a nira lién tuc trén theo bién ¢
tai xeQ. Néu X 1a nghiém dia phuong cia (P) thi
n6 ciing 1a mot diém MP KKT cua (P).

Ching minh. Gid st xeQ 1a nghiém dia
phuong cua bai toan (P). Suy ra tir Ménh dé 4.1 ton
tai @ >0va ZEA()_C) sao cho a+ Y 4=l thoa

teT
man
0cad"’ (31 3 40M g (%) 3)
teT
Ap dung tinh toan ctia ham tua, ta co
af¥(Td)+ T Agd(Td)R0vdH. @)

tel

Tiép theo ta chi cin chimg minh & # 0. Gia sir
ngugc lai  «=0. Khi d6, ta coO tap
J={teT|}>0,0eA(X)} 1a tap khac réng va
g(X)=0 véi tit ca reJ . Bdi vi (SC) xay ra nén ton
tai p >0 thoa min B(fc,p)cQ,gt(fc)<O Vi tat ca
teJ va gt(x)<0,VxeB(5c,p). Tl (4) suy ra

Y At (%.x-X )20, vxeB(%,p).
teJ
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Do do, tir Ménh d& 4.1 suy ra g (¥.x—%)=0 voi
moi reJ va xeB(X,p). Véibatky we R", taco
X+hweB(X,p) véi h>0 du nho. Do do, véi bt ky

tel ,tacod

0

g ()_C,j_)_c)-i-hg?()_c,w)z(g?(f,i+hw—)_c)=0.

Tir ¥eB(%,0)cQ, ta co gf (%w)20,veT. Suy

ra 0eoMP g? (¥),vt€T. Suy ra mau thuan véi (B).
Vay ménh d¢€ dugc chirng minh. ]

DPinh nghia 4.3. (Ye, 2004) f dugc goi la gia
16i MP tai X néu voi tit ca xeR' thoa mén
fo(f,x—)_c)zo taco f(x)2f(X)

M¢énh dé 4.3. Gia s rang (SC) va (B) xay ra tai
xeQ. Gia st rang f la gia 161 MP tai X va véi
mdi gy,t€T, 1a MP chinh quy. Néu X 1a mot diém
MP KKT ctia (P), thi X 12 mdt nghiém cua (P).

Chirng minh. Gia st X 1a mot diém MP KKT
ctia (P), thi ton tai A€A(X) thoa man

M r(x)+ 3 40MF g, (%)=0.
tel
Thi véi moi xeQ , ta co

f<> (Fx—x)+ X Atg? (Xx—x)=
teT

x max
¥ Ml p(z) w 4oMP g, (x)
teT
T AeA(X),

g? (¥,x—x)<0,vzeT. Suyra f O(J_C X=X )20. Do tinh

theo Ménh d& 42 suy ra

gia 16i MP cia f tai X, ménh dé duoc chung

minh. O

Vi du 4.1. Gia sir ring ham /:R>R xac dinh
boi f(x ,va tap chap nhan duoc Q duoc cho
boi

Q:{xe]Rngt (x)ﬁO,teT:[O,I]},
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¢ day gs(x)=t max{x,x3}—l,te[0,1]. Taco

Q={xeRx<l}, aMPf(x):[—l,l],

oMP gt(x):[min{tﬁtxz},max{t,3tx2 ﬂ,te[o,l].

Do do, Q latap 16i va gz,te(0,1], khong phai l1a
mot ham 16i. Véi x=1, ta c6 xeQ, T(¥)={1}. Vi
g.teT 1a chinh quy Clarke va gy, tel’ con la chinh

quy MP. Ta thiy tat ca cac diéu kién trong Ménh dé
4.2 1a duoc thoa man.

Gia st TR, dugc xac dinh boi

o

Khi d6 AeA(F) va

khi t=1,
khi t€[0,1).

0eMP f(x)+ x 4,0MPg
teT

(%)=[-L1]+1[1,3]H0.4].

Nguoc lai, tir /14 ham 16i, céc diéu kién trong
Ménh deé 4.3 1a dugc théa man. Do do, ta c6 di€m
KKT con 1a mét nghiém cua (P).

5 KET LUAN

Trong bai béo nay, diéu kién ti wu can va du
cho bai toan t6i wu 10i c6 tap chap nhan duoc 16i
duoc dinh nghia bdi v6 han rang budc bét dang thirc
da duoc khao sat cho ca trong truong hop tron va
khong tron. Do mét tap 16i ¢6 thé dugc xac dinh boi
giao ctia vo han céc tap 16i hodc giao ctia vo han cac
tap khong 10i, két qua trong bai bao nay 1a mo rong
tu nhién cua cic két qua trong nghién ciru cua
Lasserre (2011); Dutta va Lalitha (2013). Khao sat
diéu kién t&i wu hon cho bai toan t6i wu voi tap rang
budc 16i dung dudi vi phan tiép tuyén (Martinez-
Legaz, 2015; Tung, 2018) hodc dudi vi phan
Mordukhovich (2006) 1a mét chir dé thu vi trong cac
nghién ciru tiép theo.

TAI LIEU THAM KHAO

Boyd, S. and Vandenberghe, L., 2004. Convex
Optimization. Cambridge University Press,
Cambridge.

Caristi, G. and Ferrara, M., 2017. Necessary
conditions for nonsmooth multiobjective semi-
infinite problems using Michel-Penot
subdifferential. Decisions in Economics and
Finance 40(1): 103-113.



Tap chi Khoa hoc Truong Pai hoc Can Tho

Chieu, N.H., Jeyakumar, V., Li, G. and Mohebi, H.,
2018. Constraint qualifications for convex
optimization without convexity of constraints:
New connections and applications to best
approximation. European Journal of Operational
Research 265(1): 19-25.

Clarke, F.H., 1983. Optimization and Nonsmooth
Analysis. Wiley, New York.

Dutta, J. and Lalitha, C.S., 2013. Optimality
conditions in convex optimization revisited.
Optimization Letters 7(2): 221-229.

Giorgi, G., 2013. Optimality conditions under
generalized convexity revisited. Annals of the
University of Bucharest, Mathematical Series
4(LXII): 479-490.

Goberna, M.A. and Lopez, M.A., 1998. Linear Semi-
Infinite Optimization. Wiley, Chichester.

Goberna, M.A., Guerra-Vazquez, F. and Todorov,
M.L, 2016. Constraint qualifications in convex
vector semi-infinite optimization. European
Journal of Operational Research 249(1) : 32-40.

Goberna, M.A. and Kanzi, N., 2017. Optimality
conditions in convex multiobjective SIP.
Mathematical Programming 164(1): 167-191.

Hiriart-Urruty, J.B. and Lemarechal, C., 1993.
Convex Analysis and Minimization Algorithms
1. Springer, Berlin.

Kanzi, N., 2014. Constraint qualifications in semi-
infinite systems and their applications in
nonsmooth semi-infinite problems with mixed
constraints. SIAM Journal on Optimization
24(2): 559-572.

Lasserre, J.B., 2011. On representations of the
feasible set in convex optimization. Optimization
Letters 5(1): 1-5.

Lopez, M.A. and Still, G., 2007. Semi-infinite
programming. European Journal of Operational
Research 180(2): 491-518.

Martinez-Legaz, J.E., 2015. Optimality conditions
for pseudo-convex minimization over convex

46

Tap 55, 86 14 (2019): 39-46

sets defined by tangentially convex constraints.
Optimization Letters 9(5): 1017-1023.

Michel, P. and Penot, J-.P., 1984. Calcus sous-
differentiel pour des fonctions Lipschitziennes et
non Lipschitziennes. Comptes Rendus de
I'Académie des Sciences - Series I -Mathematics
12(2) : 269-272.

Michel, P. and Penot J-.P., 1992. A generalized
derivative for calm and stable functions.
Differential Integral Equations 5(2): 433-454.

Mordukhovich, B.S., 2006. Variational Analysis
and Generalized Differentiation. Vol. I: Basic
Theory. Springer, Berlin.

Pshenichnyi, B.N., 1971. Necessary Conditions
for an Extremum. Marcel Dekker Inc, New York.

Quyen, H., 2017. Necessary and sufficient KKT
optimality conditions in non-convex optimiza-
tion. Optimization Letters 11(1): 41-61.

Rockafellar R.T., 1970. Convex Analysis.
Princeton Math. Ser., vol. 28, Princeton
University Press, Princeton, New Jersey.

Tung, L.T., 2017. Strong Karush-Kuhn-Tucker
optimality conditions and duality for nonsmooth
multiobjective semi-infinite programming via
Michel-Penot subdifferential. Journal of
Nonlinear Functional Analysis 2017: 1-21.

Tung, L.T., 2018. Strong Karush-Kuhn-Tucker
optimality conditions for multiobjective semi-
infinite programming via tangential
subdifferential. RAIRO - Operations Research
52(4): 1019-1041.

Yamamoto, S. and Kuroiwa, D., 2016. Constraint
qualifications for KKT optimality condition in
convex optimization with locally Lipschitz
inequality constraints. Linear and Nonlinear
Analysis 2(2): 101-111.

Ye, J. J., 2004. Nondifferentiable multiplier rules
for optimization and bilevel optimization
problems. SIAM Journal on Optimization 15(1):
252-274.



